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MB, making the cell a stronger object than the MB alone.
Specifically, we calculated the resistance of the cell to deforma-
tions that would require its marginal band to coil, on a short time
scale, during which cross-linkers do not reorganize. We there-
fore considered the MB as a closed ring of constant length L
and uniform rigidity «,. We first examined the mechanics of this
ring within a sphere and then extended these results to a nonde-
formable ellipsoid. The shape of a ring in a sphere was previously
calculated numerically (35), and we extended this result by deriv-
ing analytically the force fz required to buckle a confined ring (S
Text, section 1.2.2 and Fig. S2). If Ep is the energy of a buckled
MB, the force is:

Kr

= 2

We verified this relation in simulations, with L=27R(1 + ¢),
where 1 > ¢ >0, which made the ring slightly oversized com-
pared with its confinement. Given the confining stiffness k&, the
force applied to each model point of the ring is kRe. If n is
the number of model-points in the rings (i.e., n= L/s where s
is the discretization parameter of the ring), the total centripetal
force is nkRe. Hence, we expected that the ring would buckle
if k exceeds k.= - fz. Upon systematically varying & in the
simulation (Methods), we indeed found that the ring coils for
k> k. (Fig. 44). We next simulated oblate ellipsoidal cells, with
R1= R>= R and r < R, and we varied the flatness of the cell by
changing r/R. We found that the measured critical confinement
k* is indeed k. for r= R, but increases strongly with 1— R/r
(Fig. 4 A and B). We also found that the mode of deformation
increases with the cell flatness (Fig. 44, shades of red). This is
because, as the cell gets flatter, large deformations along the
short axis are increasingly penalized, and higher modes of defor-
mation (such as the chair shape; Fig. 4C, ¢) become more favor-
able than the baseball-seam curve (Fig. 4C, d), because the mag-
nitude of their out-of-plane deviations is smaller. This increase
of the critical buckling force with cell flatness implies that an
uncoiled marginal band in a flat cell could be metastable.

Platelets and nonmammalian RBCs have an isotropy ratio
r/R~0.25 (Fig. 4C, e), which makes them >10 times more
resilient than a spherical cell with similar characteristics. Direct
micropipette aspiration showed that destabilizing MTs or actin
lead in both cases to an increased deformability, confirming
that actin and MT systems determine the rigidity of the cell
together (36).
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Coiling Stems from Cortical Tension Overcoming MB Rigidity. We
then considered the case of a ring inside a deformable ellip-
soid of constant volume Vo =4 /37Rj, governed by a surface
tension o. The length of the ring L is set with L > 27 Ry, such
that we expected the ring to remain flat at low tension and to
be coiled at high tension, because it does not fit in the sphere of
radius Rp. In simulations, starting from a flat ring, we observed
as predicted the existence of a critical tension o}, above which

the ring is buckled (Fig. 54). This shows that increasing o R3 /.,
(i.e., increasing the ratio of cortical tension over ring rigidity)
leads to cell rounding. Thus, either increasing the cortical ten-
sion or weakening the ring will lead to coiling. Starting from a
buckled ring, decreasing the tension below a critical tension o}
also leads to the cell flattening, as predicted. However, our sim-
ulations showed that o, <o}, and thus for o, <o <oy}, a cell
initially flat remains flat, whereas a cell initially round remains
round (Fig. 5). Hysteresis is the hallmark of bistability, and we
had predicted this bistability in the previous section by showing
that the flat configuration is metastable. This metastability (i.e.,
the fact that a MB in a flat cell has a higher buckling threshold
than in a spherical cell) allows the cell to withstand very large
mechanical constraints such as shear stresses. A platelet typically
has L/Ro ~ 10 (i.e., an isotropy r/R ~0.25) and is therefore in
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Fig. 4. (A) Coiling diagram of an elastic ring confined inside a fixed oblate

ellipsoid. The configuration of the ring is indicated by the color (white,
uncoiled; colored, coiled), as a function of the isotropy r/R of the confining
ellipsoid and the normalized confinement stiffness k/k.. The gray dots indi-
cate the simulations performed to calculate the diagram. The dashed line
indicates the predicted critical buckling confinement in a spherical cell (i.e.,
r =R). The color indicates the main Fourier mode, from 2 (pink) to 5 (darker
red). (B) A closeup reveals that the critical confinement is exponential for
mode 2: k* :kc(r’?)ze““_g) (red line), where o =2.587 is a phenomeno-
logical parameter that depends on the excess length ¢, defined from the
MB length as L =27R(1 + ¢). (C) lllustrations of MB shapes from the phase
diagram, as indicated by the letters. Flatter cells (C, a and b) are deformed
in higher modes than rounder cells (C, ¢ and d). The normal physiology of a
resting platelet corresponds to condition (C, e).

the region where the flat MB is extremely metastable. In this
regime, extending the MB does not cause buckling, but increas-
ing the tension does.

Discussion

We have examined how MB elasticity and cortical tension deter-
mine the morphology of blood cells. Equilibrium between these
forces predicts a scaling law, 47R* = kL /o, in which L is the
sum of the lengths of the MTs inside the cell,  is the bending
rigidity of MTs, and o is the cortical tension. Remarkably, val-
ues of R and £ measured for 25 species conform to this scaling
law. We caution that these observations were made for nondis-
coidal RBCs (where the two major axes differ), indicating that
other factors not considered here must be at work (7). In human
RBCs, perturbation of the spectrin meshwork can lead to ellipti-
cal RBCs (37), suggesting that the cortex can impose anisotropic
tensions, whereas another study suggests that MB-associated
actin can sequester the MB into an elliptical shape (38). Cor-
tical anisotropy would be an exciting topic for future studies,
but this may not be needed to understand wild-type mammalian
platelets.

Dmitrieff et al.
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Fig. 5. (A) The equilibrium configuration of the MB is calculated as a func-
tion of renormalized tension aRg/n, and renormalized MB length L/Ry, in
which the volume of the cell is %nRg. The gray dots indicate the simulations
performed to calculate the diagram. The configuration of the MB is indi-
cated by colors: white, flat; red, buckled; and pink, bistable (i.e., buckled or
flat). The topmost scale indicates the shape parameter of the cell (isotropy
r/R), at equilibrium in the case where the MB is flat and has a length equal
to the cell perimeter. (B) A cut through the phase diagram, for a MB of
length L =7.5Ry. The degree of coiling (see Methods for definition) is indi-
cated as a function of tension, for a cell that is initially flat (black dots) or
buckled (gray dots). In the metastable region, the two trajectories are sepa-
rated, and the arrows illustrate hysteresis in the system.

Using analytical theory and numerical simulations, we ana-
lyzed the mechanical response of cells with MB and uncovered
a complex viscoelastic behavior characterized by a time scale 7.
that is determined by cross-linker reorganization. At long time
scales (¢>> 7.), the MB behaves elastically, and its elasticity is
the sum of all MTs’ rigidity. At short time scales (¢ < 7.), the
MB behaves as an incompressible elastic ring of fixed length
because cross-linkers do not yield. At this time scale, the stiff-
ness of the ring exceeds the sum of the individual MT stiffness,
as long as the cross-linkers connect neighboring MT tightly (39).
Buckling leads to the baseball-seam curve, which is a configura-
tion of minimum elastic energy. This explains the coiled shape of
the MB observed in mouse platelets (Fig. 34), human platelets
(19), and dogfish thrombocytes (3). Thus, an increase of cortical
tension over bundle rigidity can cause coiling, if the cell deforms
faster than the MB can reorganize. A fast increase of tension is a
likely mechanism supported by evidence of several experiments
(40-42). In dogfish thrombocytes and platelets, blebs are con-
comitant with MB coiling, suggesting a strong increase of cortical
tension (3). A recent study concluded that MB coiling could be
triggered by the extension of the MB, leading to coiling without
an increase of cortical tension (19). However, the fact that the
MB elongates during activation was inferred there by averaging
over populations of fixed platelets, rather than observed at the
single cell level.

Dmitrieff et al.

Finally, calculating the buckling force of a cell containing an
elastic ring and a contractile cortex led to a surprising result.
We found that the buckling force increased exponentially with
the cell flatness, because the cortex reinforces the ring laterally.
This makes the MB a particularly efficient system to maintain
the structural integrity of blood cells. For transient mechani-
cal constraints, the MB behaves elastically, and the flat shape
is metastable, allowing the cell to overcome large forces with-
out deformation. However, as we observed, the viscoelasticity
of the MB allows the cell to adapt its shape when constraints
are applied over long time scales, exceeding the time necessary
for MB remodeling by cross-linker binding and unbinding. It
will thus be particularly interesting to compare the time scale
at which blood cells experience mechanical stimulations in vivo
with the time scale determined by the dynamics of the MT cross-
linkers.

Methods

Simulations. MTs of persistence length /, are described as bendable fila-
ments of rigidity x = kgTlp, in which kgT is the thermal energy. The asso-
ciated bending energy is %»@fé(dzr/dsz)z ds, where r(s) is the position as
a function of the arclength s along the filament. The dynamics of such a
system was simulated in Cytosim, an Open Source simulation software (29).
In Cytosim, a filament is represented by model points distributed regularly
defining segments of length s. Fibers are confined inside a convex region
of space 2 by adding a force to every model point that is outside . The
force is f = k(p — r), where p is the projection of the model point r on the
edge of , and k is a stiffness constant. For this work, we implemented a
deformabile elliptical surface confining the MTs, parametrized by six param-
eters. The evolution of these parameters is implemented using an effective
viscosity (S/ Text, section 1.3). To verify the accuracy of our approach, we
first simulated a straight elastic filament, which would buckle when sub-
mitted to a force exceeding w%r/L?, as shown by Euler. Cytosim recovered
this result numerically. We then calculated the critical tension necessary
for the buckling of MTs in a prolate ellipsoid. The simulated critical ten-
sion corresponds very precisely to the theoretical prediction (43) (S/ Text,
section 1.4 and Fig. S1).

To calculate the cell radius as a function of £x/o, we used a volume of
8w /3 um3 (close to the volume of a platelet), with a tension o ~ 0.45 to
45 pN/pm, consistent with physiological values. We simulate 10 — 20 MTs
with a rigidity 22 pN um? as measured experimentally (23). MTs have lengths
in 9 — 16 um and are finely represented with a segmentation of 125nm.
The cross-linkers have a resting length of 40 nm, a stiffness of 91 pN/pm,
a binding rate of 10 s~", a binding range of 50 nm, and an unbinding rate
of 6 s~'. An example of simulation configuration file is provided in S/ Text,
section 2. When considering an incompressible elastic ring, we used a cell of
volume 4/37ng, where Ry is the radius of the spherical cell. For simplicity,
we can renormalize all lengths by Ry and thus all energies by ,/Ro, where
Ky is the ring rigidity. We simulate a cell with a tension o =5 — 18k,/R3,
and a ring of length 1 — 1.6 x 27Ry. To test the effect of confinement, we
place an elastic ring of rigidity . in an ellipsoid space of principal radii
R, R, rR, in which r < 1. The elastic ring has a length (1 + €)27R, in which
e =0.05. An extensive list of parameters and their values are given in S/
Text, section 1.2. To estimate the coiling level of a MB, we first perform a
principal component analysis using all of the MTs’ model points. The coordi-
nate system is then rotated to bring the vector u; in the direction of the
smallest eigenvalue. We then define the degree of coiling as the devia-
tion in Z divided by the deviations in XY: C=+/>_ 22/ x2 + y2. Thus, Cis
independent of the size of the cell and only measures the deformation of
the MB.

To measure the critical value of a parameter 0 (e.g., tension or con-
finement) leading to coiling, we computed the derivative of the degree
of coiling C, with respect to this parameter. Because buckling is analo-
gous to a first-order transition, the critical value 6* can be defined by:
99C|y« = max [|9pC||. We calculated the Fourier modes of deformation by
transforming the z-coordinates of the MT model points.
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Sl Text
1. Simulation of MTs/Cortex Interaction

To understand cell shape maintenance, one needs to model the
interaction between the cellular cortex and the MB. The struc-
ture of the MB is well known, compared with the organization
of the cortex, which is less well characterized. We thus decided
to represent the MTs individually, and the cortex effectively
as a continuous deformable surface. Treating the interactions
between a discretized (e.g., triangulated) surface and discrete fil-
aments can be demanding computationally, because such a sur-
face would have a very large number of degrees of freedom. In
contrast, we describe here how the problem remains relatively
simple for a continuous shape that is defined by a small set of
parameters.

1.1. General Formulation.

1.1.1. Forces and parametrization. Let S(pj) be a surface defined
by n parameters {p:}, _,. Let {f:}, ., be the set of forces
applied on S at the points {r;}, _, . Assuming forces to be
conservative, they are defined as —f; = 9E/0r;, where E is the
energy of the system (excluding the surface). One can define
“effective forces” {¢"}, _, associated with each degree of free-
dom of the surface:

o" =

OF (91‘1’
T = Z fio - [S1]

We can define §E the infinitesimal change in energy after an
infinitesimal set of displacements Jr;, and then compute it as a
function of the infinitesimal set of parameter changes dpy.

SE = — Z orif; [S2]
8['7;
=9 6 S3
r ; PG [S3]
0F == oppo”. [S4]
k

To write Eq. S3, we had to assume that any displacement of the
surface (allowed by the constraints) can be described in terms of
Pk, 1.e., that S({px}) is surjective. It is interesting here to note
that ¢* has the dimension of a force if py, is a length, whereas it
has the dimension of a torque (i.e., an energy) if p;, is an angle.
1.1.2. Constraints. In many cases, constraints can be added
by modifying the energy functional following the method of
Lagrange. For instance, to maintain the volume constant, we
define an energy E'=FE + PV, where V is the volume and P
is the pressure; here P is also a Lagrange multiplier, and we
have to calculate its value appropriately to obtain V = V,. The
pseudoforces ¢} associated to pressure are:

ov

k e -
¢p = Papk- [S5]

1.2. Deformable Ellipsoid. In this section, we describe a surface in
3D. We model an ellipsoid centered around the origin, with a
fixed volume Vj and a surface tension o, which an associated
energy £, =05, if S is the surface area of the ellipsoid. The ellip-
soid is described by its principal directions u; 2,3 and their length
(i.e., the radii of the ellipse) a1,2,3. We will also use the orien-
tation matrix U = [u1,u2,us]. By construction, U is a rotation

Dmitrieff et al. www.pnas.org/cgi/content/short/1618041114

matrix of determinant 1. In the simulation, this rotation matrix
describes the orientation of the ellipse in space and does not
apply to filaments within. This matrix is thus more appropriately
seen as the inverse rotation that applies to all of the filaments,
with respect to the cell envelope that confines them. The orien-
tation in space of the ellipsoid (cell) is not relevant for this study,
which is solely concerned with cell shape.

1.2.1. Surface tension. We can compute the pseudoforces associ-
ated to surface tension as:

ot = —o 95 [S6]
E)ak

The surface area of an ellipsoid is a complex special function
that is not a combination of the usual functions. For convenience,
we used an analytical approximation of the area:

(alaz)p+(a3a2)p+(ala3)p>;, [S7]

S(a1, a2, as) ~ 47r< 3

for which p=1.6075 is an empirical parameter. This formula
yields an error usually below a percent.

1.2.2. Point forces. To add the contribution of the external forces
exerted by the MTs on the surface, we need to determine dr/dpy..
The position of a point on the surface of the ellipsoid is defined
by two angles 6, ¢ as:

r = u; a1 cosfsin ¢ + uzaz sin fsin ¢ + usas cos p. [S8]
Therefore, we have:

Or _ruw [S9]
Oay g

Because we assumed that the boundaries offer no friction, all
forces are normal to the surface. The contribution d)}“ of a force
f at a point r of the surface is

r.u;

¢f = fw [S10]

Qg

We can now compute the torque generated by f. In 2D, it
would be convenient to describe the ellipse orientation by an
angle 0, and the result is that the “angular force” ¢ is the torque
r x f. We will assume that this is general and stays true in 3D;
thus, we can write ¢ directly as a vector:

¢ =r x f. [S11]

1.2.3. Volume conservation. To implement volume conservation,
we need to find a pressure P such that (V — Vp)/ Vo <, where
€ is a (small) tolerance parameter. We used Newton’s method
to find a zero of (V — V4)/ Vo and reach the desired aim for V.
This method works very well if V' (P) is monotonous, which is
always the case here.

The volume of the ellipse is V = %mh azaz, and, therefore,
using the Lagrange multiplier P to conserve the volume, we
can write:

10f4
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ok = ng [S12]

ax

1.3. Time Evolution. We can now define the time evolution of the
ellipse. We assume a unique viscosity p associated to the change
of size of the ellipse and a rotational viscosity ttang.

dk=%(¢’%+¢§+2¢}“)

OILTAE

Hang

[S13]

with u =

U =M (u) [S14]
in which M (u) is the rotation matrix generated from the moment
vector u. We effectively used 1/p1ang = 0.

1.4. Validations. To validate our numerical method and its imple-
mentation, we first simulated a MT bundle confined inside an
ellipsoid cell of tension o and volume §mRg. A classical result
of analytical mechanics is that a filament should buckle under a
tangential force f if this force is larger than a critical force:

2
«  RT

=T

We confined the MT in a deformable ellipsoid, which
thus takes the shape of a prolate ellipsoid. Let us call
a1 = R the longer axis of this ellipsoid, and the shorter axis
is a2, a3=+/R3/R. The force exerted on the MT is f, =
100rS(R,\/R3/R,\/R3/R), with S defined in Eq. S7. Starting
with a MT of length L, buckling will occur for a critical tension:

9 —1
a*:%R—Z@RS(R,\/RS/RM/R?;/R)) . [S16]

In simulations, we find that the MT buckles for o > ¢, as we
predicted (Fig. S1).

[S15]

2. Mechanics of a Confined Elastic Ring

2.1. Formulation. Let us consider a rod of length L lying on a
sphere of radius R. We can describe this rod by its position r,
parametrized by its arc length s, such that the energy reads:

L
E(R,L) = g/o i2ds.

Because the rod lies on the unit sphere, and because s is the
arclength, we have the constraints:

[r|*=R* and |[|F]*=1. [S18]

We can introduce this as constraints in the energy using two
Lagrange multipliers « and f3, to define:

[S17]

L
B=" / [ + a(R? = [[l) + B(Ii> = 1)] ds.  [S19]

0
Minimizing this energy yields the Euler-Lagrange equation:

' = ar + Bt + Bi. [S20]

Because the curve is lying on a sphere, we can use the identity:
.. . 1

B(s) = ki(s) [r(s) x ¥(s)] = 3r(s),

in which k(:) is the intrinsic (geodesic) curvature. Eventually,

we find:
Lk R* ,
k= R (’Y_ 7’“)

where «y is a negative constant (35). Finally, one needs to find
the value of o and k;(0), such that the curve is closed and of
length L:

[S21]

[S22]

r(L) =r(0) and £(L)=r(0). [S23]
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Numerically, we determined ~ and k;(0) using a shooting
method.

2.2. Case of a Weakly Deformed Ring. For a weakly deformed ring,
Eq. S22 can be simplified to
sy
ki = ﬁkl.
Periodicity imposes \/—y — m, when L — 27w R, in which
m € N. Because the lowest energy curve has a period L/2, we can
conclude that m =2, i.e., v — —4 for L — 27 R. Although analyt-
ically solving the full shape equation R(s) is arduous (18), even
in this weakly deformed approximation, we can construct a shape
equation that satisfies Eq. S24 for small deformation as follows:

(1—10)sint+ bsin3t
(1—b)cost — bsin3t
24/(1 — b)bcos2t

[S24]

R=R [S25]

in which 0 < ¢ < 2 is an angle coordinate. For small deforma-
tions b — 0, one finds:

ki(s) = 6v/bcos2s/R + O (b%) [S26]

fi(s) = v x 6Vbcos2s/R + O (b%) [S27]

with v=—4 as expected. From Eq. S25, we can compute the
bending energy of the MB:

2w 1
E(R,b) :/0 (ﬁ + kf) [|6:R]|? dt. [S28]
For small deformations b — 0, we have:
E(R,b) = — (2 + 367b + O (b?)). [S29]

2R

We can also compute the length of the MB, and the energy:

L(R,b) = 2R (1+6b+ O (b%)), [S30]
E(R,L) — % (271' + 3#). [S31]

We then find the force exerted by a nearly flat ring on the
sphere L =27R:

8Tk
R

This result is in agreement with solving the full shape equation
(Eq. S22), as illustrated in Fig. S2. fp is the force exerted by a
nearly flat ring on a sphere; by construction, it is also the criti-
cal force at which a ring will buckle. Numerically, we can study
ring buckling in two cases: when the ring is undergoing an elas-
tic confinement, and when the ring is confined by a deformable
ellipsoid.

fo= lim OrBE(R,L)= [S32]

2.3. Ring Under Elastic Confinement. Let us consider a ring of
length L confined in a sphere of radius R, such that L =27 (R+-¢)
by an elastic confinement & (see ref. 29 for the implementation of
confinement). The confinement force is here f. = kne, in which n
is the number of points describing the discrete ring. The ring will
buckle if f, > fp; using Eq. S32, we find that the ring will buckle
above a critical confinement:
87K

neR?’

in which n = L/s, where s is the segmentation.

ke = [S33]

2.4. Ring Confined in a Deformable Ellipsoid. Using our computed
value of fp, we can compute analytically the critical value of the
tension that will buckle a ring in a deformable space, assuming

20f4
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that space to be ellipsoid and near-spherical. For this, we take
the very same approach as we did for the bundle in a prolate
ellipsoid, although now the ellipsoid is oblate, and the buckling
force is that of a ring rather than an open bundle.

* fB

o = . S34
OrS(R, R, R3/R?) [534]

3. Simulation Parameters
The parameters used for Figs. 4 and 5 were:
Parameter Symbol Value
Ring rigidity Fr 1pN pum?
Time step dt 2x1073s
Filament segmentation ds 3x 1072 um

For the incompressible elastic ring in a fixed shape ellipsoid
(Fig. 4), we built a closed ring by linking the first and last
point of the filament with a zero-resting length link of rigid-
ity k. =10%pN/um. We also add a torque component (29)
to ensure that the bending elasticity is uniform in every point
of the ring. In these simulations, additional parameters were:

Parameter Symbol Value

Cell major radius R 1um

Cell minor radius (thickness) r 0.24to 1 um

MB length L 6.5=1.0345 x 27 um
Confinement stiffness k 1to 40 pN/pm
Thermal energy kT 1075 pN/um

tension o/(r/R§)

For the simulations of the incompressible elastic ring in a
deformable ellipsoid (Fig. 5), we used:

Parameter Symbol Value

Cell volume v 47 /3 um?

MB Length L (1t0 1.6) x 2r um
Cortical tension o 10-2to 17 pN/pum
Ellipse effective viscosity M 340 umpN~—'s~!
Confinement stiffness k 200 pN/pum
Thermal energy kT 10~ pN/um
Tolerance parameter for cell volume € 104

4. Experimental Methods

The experiments were performed on platelets extracted from the
blood of the common inbred laboratory mouse strain (C57BL/6)
and prepared according to standard protocols (44). Blood was
collected by cardiac puncture and mixed with 200 pL of acid—
citrate—dextrose solution to prevent coagulation. Once obtained,
the blood was immediately centrifuged for 4 min at 200 x g. The
upper phase (platelet-rich Plasma), was carefully removed and
centrifuged at 2,000 x g for 2 min. The plasma was discarded, and
the platelet pellet was resuspended in Tyrode’s albumin buffer.
We labeled MTs with 50 nM SiR tubulin (Spirochrome) and
incubated the cells for at least 1 h before imaging. Imaging was
performed by using a spinning disk microscopy setup (Perkin-
Elmer Ultraview VoX). Live platelets were imaged by using a
63 % (1.4-NA) oil objective, which produced images with a lateral
pixel size of 104 nm. The 3D stacks were acquired with a spacing
of 0.4 um in the axial dimension. An image stack was acquired
every 5 s over 10 min. The image analysis was performed by using
Fiji (fiji.sc/Fiji).

2.1 2.2 2.3
length L/Ry

24 2.5

Fig. S1. Phase diagram of the degree of buckling as a function of the length and the tension. Red means that the filament is buckled and gray that it is flat.

The dashed line represents the critical tension calculated in Eq. S16.
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Fig. S2. Bending energy of an incompressible elastic ring of length 27Ry (the MB) in a sphere of radius R < Rq. The solid line represents the numerical
solution to the Euler-Lagrange equations (Eq. $22), while the dashed line represents the small deformation approximation, Eq. $32.
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